The circadian regulatory network is one of the main topics of plant investigations. The intracellular interactions among genes in response to the environmental stimuli of light are related to the foundation of functional genomics in plant. However, the sensitivity analysis of the circadian system has not analyzed by perturbed stochastic dynamic model via microarray data in plant. In this study, the circadian network is constructed for Arabidopsis thaliana using a stochastic dynamic model with sigmoid interaction, activation delay, and regulation of input light taken into consideration. The describing function method in nonlinear control theory about nonlinear limit cycle (oscillation) is employed to interpret the oscillations of the circadian regulatory networks from the viewpoint that nonlinear network will continue to oscillate if its feedback loop gain is equal to 1 to support the oscillation of circadian network. Based on the dynamic model via microarray data, the system sensitivity analysis is performed to assess the robustness of circadian regulatory network via biological perturbations. We found that the circadian network is more sensitive to the perturbation of the trans-expression threshold, is more sensitive to the activation level of steady state, rather than the trans-sensitivity rate.
Introduction
Biological phenomena at different organismic levels have implicitly revealed some sophisticated systematic architectures of cellular and physiological activities. These architectures were built upon the biochemical processes before the emergence of proteome and transcriptome [1, 2] ; and most biological phenomena such as metabolism, stress response [3] , and cell cycle are directly or indirectly influenced by genes and have been well studied on the molecular basis. Thus, the identification of a signal transduction pathway could be traced back to the genetic regulatory level. The rapid advances of genome sequencing and DNA microarray technology make possible the quantitative analysis of signaling regulatory network besides the qualitative analysis [4] . In this study, The ARX dynamic system approach is applied to the circadian regulatory pathway of Arabidopsis thaliana with microarray data sets publicly available on the net [5] . According to the synchronously dynamic evolution of microarray data, we have successively identified the core signaling transduction from light receptors of phytochromes [6] and crytochromes [7] to the endogenous biological clock [8] , which is coupled to control the correlatively physiological activity with paces on a daily basis. With the dynamic system approach, not only the regulatory abilities, but also the oscillatory frequency and the delays of regulatory activity were specified. Moreover, we design several simulation assays with the biological senses to mimic the biological experiments.
Dynamic System Description of Circadian Regulatory Model
We can consider any gene expression profile as a system response or output stimulated by some inputs from other gene expressions and environmental stimuli. According to this description, let ( ) 
where ( ), j=1,2, ,n; 1, 2, , is the stochastic noise of current microarray data or the residue of the model. Here i τ and iu τ , which are essential to the activation-time estimation, should be determined previously and will be discussed later. The ARX model (AutoRegressive with eXternal input), which admit a reformation to the linear regression model, is the special case of the ARMAX model (autoregressive moving average with exogenous input). Moreover, an oscillation will exist in circadian regulatory network by the feedbacks through other genes if these feedbacks are limited by sigmoid functions to avoid their unstable propagations, which will be discussed by describing function method [9] in the sequel. For the limited influence expression of ( Figure 1 ), the sigmoid function is chosen to express the nonlinear 'on' and 'off' activities of physically genetic interactions with parameters
where γ is the trans-sensitivity rate, and j M is the trans-expression threshold derived from the mean of the j-tth gene's profile. γ could determine the transition time of activation between the states of 'off' and 'on' from j X to i X , for which a larger γ is with a less transition time, to mimic the transient state of the genetic interaction on the trans level. j M can determine the threshold of the half activation level of j X to i X , for which a larger j M is with a less activating ability, to mimic the steady state of the genetic interaction on the trans level. For the biological reason of small activation delay on mRNA level and less modeling complexity, we can reduce the order of the ARX model to no more than 2, Q=1 (i.e. ARX(1)) or Q=2 (i.e. ARX(2)) in Eq. (1). We will determine an adequate order for our interesting system later. And now we take the second order ARX model for illustration as follows, (
Consequently, the vector difference form underlined in this equation is applied to m time points in order.
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)
, and m denotes the number of time points. i τ is the specific activation delay.
In the next step, to estimate the kinetic parameters ,
, and i b , the formula Eq. (4) should be translated into the difference matrix equation as follows, 
⎦ is a matrix. We assume that each element in the stochastic noise vector, ( )
,is an independent random variable with a normal distribution with zero mean and variance 2 σ , which is unknown and needs to be estimated. Thus, we will estimate the parameterˆi Ω using the maximum likelihood method. The maximum likelihood estimate of 2 σ is the estimate of noise covariance. Substituting Eq. (8) into Eq. (7) yields,
where σ using the leastsquares method is obtained as follows [10] ,
After the parameter estimation in Eq. (7), substituting i Ω in Eq. (7) into stochastic model in Eq. (3) lead to the estimated circadian regulatory network equations.
Assay of the Model

Assay of ARX System Model
The assays of the ARX system model are divided into four categories. The first is the confirmation of the oscillation frequency of circadian regulatory network by the oscillatory characteristics of the dynamic circadian regulatory model; the second is the input stimulus changes; the third is the trans disturbance; and the last is about the cis perturbation. 
To measure the period of the time-course expression profile, the power spectrum, which has different magnitudes in different frequencies (the reciprocal of periods), is employed to detect which frequency has the largest magnitude. First, we should take the Discrete Fourier Transform of ( )
where w is the radian frequency. Then we can detect the frequency with the maximum magnitude, arg max ( ) (1)) and the second-order (Q=2) ARX model (i.e. ARX(2)) with different activation delays τ as shown in Fig. 2a . We exploited the mean similarity between the raw expression and the simulation of all 16 system genes, which is measured by Pearson correlations, to evaluate the performance of the network model. Owing to the least difference at 0.5-hr delay between ARX(1) and ARX(2), we would prefer the more flexible ARX(1) model with a 0.5-hr activation delay as the system model for the circadian regulatory network. Consequently, the simulation expressions of the derived circadian network model are shown in Fig. 2b 
Sensitivity Analysis of Circadian System
The sensitivity measure of the circadian system for the analysis of robustness can also be derived from the system model. For illustration, we would rearrange Eq. (3) into the following difference matrix equation, ( )
where , , , 
and n is the number of genes.
Circadian clock frequency assay
While we obtain the oscillation frequencies w i of circadian network by the intersection in Eq. (10), we will compare with the oscillation frequencies calculated by Eq. (9) and (10) to validate the accuracy of the proposed dynamic model in the sequel. A dynamic system with saturation (or sigmoid function) nonlinear feedback will lead to oscillation (limit cycle) [9] . This oscillation phenomenon can be interpreted by the theory of the describing function, which will be used to describe the circadian regulatory network of Arabidopsis thaliana. According to Eq. (12), we get 
where the describing function matrix (14), we can approximate the circadian network as
There are two rhythms, one is circadian rhythm and another is diurnal rhythm. The first term with gain equal to 1 on the right hand side of Eq. (16) is the response for circadian rhythm; and the second term for diurnal rhythm, which is controlled by diurnal cycling of light and dark u(k) and some photoreceptor genes are of this case. Since the oscillation exists in the circadian network, by control theory, the closed loop gain should be lossless in order to support the oscillation, i.e. 
Trans-perturbation assay
As in the description of Eq. (2), γ is the trans-sensitivity rate which is related to the transition time of trans-activaton and . Hence we could discuss the sensitivity on the trans level like the input sensitivity.
Trans-sensitivity rate γ simulation of gene
In a similar way as in input perturbation, we changed γ from 100% to 0% (-100%) and 200% (+100%) of system genes in pathway to compare with their sensitivities to γ , as shown in Table 2A . We also average the three measure indexes of each gene, which are shown in Fig. 4 .1 
Trans-expression threshold j M simulation of gene
We varied j M to 100% lower (-100%) and higher (+100%) than the original mean expression of the j-th gene respectively and compared with their sensitivities of j M , which are shown in Table 2B ; and their average measure indexes are shown in Fig. 4 .2. Table 2 . The sensitivities of the system genes in the circadian regulatory network under different perturbations due to the input light, trans level, and cis level. The bold values represent significant sensitivities (less robustness). In general, the fact that sensitivities are not large implies that the circadian regulatory network is robust enough.
Results
In the perturbation of trans-sensitivity rate ( γ ), we will discuss whether the transition rate, which determines the transition time of one gene binding to or interacting with another one, affects the system gene's expression in this model system. It seems that the similarity (Fig. 4.1a) Table 2B being close to 0.29, the circadian network is more sensitive to the perturbation of the transexpression threshold M , is more sensitive to the activation level of steady state, rather than the trans-sensitivity rate γ .
Discussion
In our dynamic system approach applied to the circadian network using ARX, we not only can identify the regulatory abilities via ARX(1) with activation delays, but also indicate the regulatory strength from the input-light signal. The greatest importance of the proposed dynamic model is the convenience of the consequent system analysis, for example, sensitivity analysis, to gain more insight about the circadian regulatory network. There are some shortcomings in our study. First, although the time-course microarray data are available, its lower samplings will distort the real changes of gene expressions, especially for fast dynamic evolution. A more sampling experiment with respect to the intrinsic turnover rate is expected for a more precise analysis. Second, we formulate our ARX circadian network model using the biological knowledge of the correlations between the circadian genes. In the circadian regulatory network, it is enough to reconstruct the system because of its simulation similarity approaching 0.99 in Fig. 2a . In the near future, as the system modeling algorithms are further developed, we expect this dynamic system approach to have immense impact in elucidating the underlying molecular mechanisms of network in a variety of organisms besides the circadian network in Arabidopsis thaliana, especially after the maturation of the protein chips.
